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Noncommutative Gauge Theories: Model for Hodge theory
Sudhaker Upadhyay∗ and Bhabani Prasad Mandal†
Department of Physics, Banaras Hindu University, Varanasi-221005, INDIA.
The nilpotent BRST, anti-BRST, dual-BRST and anti-dual-BRST symmetry transformations are
constructed in the context of noncommutative (NC) 1-form as well as 2-form gauge theories. The
corresponding Noether’s charges for these symmetries on the Moyal plane are shown to satisfy the
same algebra as by the de Rham cohomological operators of differential geometry. The Hodge
decomposition theorem on compact manifold is also studied. We show that noncommutative gauge
theories are field theoretic models for Hodge theory.
PACS: 11.15.-q; 02.40.Gh; 02.40.-k.
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I. INTRODUCTION
In the past several years the noncommutative
(NC) field theories (i.e. field theories on the Moyal
plane) have been extensively studied from many
different aspects [1–7]. The motivations for NC
field theories come from the string theory. The
end points of the open strings trapped on the D-
brane in the presence of two form background field
turn out to be NC [1]. The BRST symmetry in
noncommutative U(N) gauge theory was recently
studied by determining the BRST transformations
of the components of gauge and related fields [8].
In commutative gauge theories the conserved cur-
rent jµ(x) exists according to the Noether’s theo-
rem. However, in the case of noncommutative field
theory, it was shown that the divergence of the
current is equal to the Moyal (∗) product of some
functions [9]. One requires the physical subspace
of total Hilbert space of states contains only those
states that are annihilated by the nilpotent and
conserved BRST charge Qb i.e. Qb |phys〉 = 0 in
the formulation of the commutative gauge theories
[10]. The nilpotency of the BRST charge (Q2b = 0)
and the physicality criteria (Qb |phys〉 = 0) are
the two essential ingredients of BRST quantiza-
tion. However, the conserved charges in the NC
gauge theories exist only for the spacelike noncom-
mutativity.
In the language of differential geometry defined
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on compact, orientable Riemannian manifold, the
cohomological aspects of BRST charge is realized
in a simple, elegant manner. The nilpotent BRST
charge is connected with exterior derivative (de
Rham cohomological operator d = dxµ∂µ, where
d2 = 0)[11–16]. The conserved charge correspond-
ing the dual-BRST transformation, which is also
the symmetry of the action and leaves the gauge
fixing part of the action invariant separately, is
shown to be analogue of co-exterior derivative (
δ = ± ⋆ d⋆, where δ2 = 0 and ⋆ is the Hodge dual-
ity operation)[16].
The structure of NC local groups satisfies the
no-go theorem [17]. According to this theorem,
the closure condition of the gauge algebra suggests
that i) the local NC U(N) algebra only admits the
irreducible N × N matrix representation, ii) and
for any gauge group consisting of several single-
group factors, the matter fields can transform un-
der at most two NC group factors. In this work we
consider pure 1-form as well as pure 2-form gauge
theories in NC spacetime which satisfy the first
axiom of no-go theorem. We analyse the nilpotent
symmetries for the 1-form gauge theory in n space-
time dimensions and for the 2-form gauge theory
in (1 + 3) dimensional (4D) spacetime. Some at-
tempts in the direction of nilpotent BRST symme-
tries have been made for the physical 4D 1-form
gauge theories but the symmetry transformations
turn out to be nonlocal and noncovariant [18–21].
However, recently the BRST symmetry and renor-
malizability of the 1-form gauge theory in (1 + 1)
dimensions (2D) as well as in 4D have been studied
thoroughly [22, 23]. In the present investigation,
the symmetry transformations of the 2D 1-form
and the 4D 2-form gauge theories are local and co-
variant. We construct the nilpotent BRST symme-
try, anti-BRST (where the role of ghost and anti-
ghost fields are changed with some changes in co-
efficients), dual-BRST and anti-dual-BRST trans-
formations in this framework. The generators of
all these continuous symmetry transformation are
2shown to obey the algebra of de Rham cohomolog-
ical operators of differential geometry. Hodge de-
composition theorem in quantum Hilbert space of
states is also discussed. The BRST and anti-dual-
BRST charges are mapped with exterior derivative
of differential geometry. On the other hand the
anti-BRST and dual-BRST charges are shown to
be analogue of co-exterior derivative. Further, we
show that the NC 1-form as well as 2-form gauge
theories are field theoretic models for Hodge the-
ory.
The paper is organized as follows. In sections II
and III, we describe the U(N) 1-form and 2-form
gauge theories in NC spacetime respectively with
their symmetry transformations. In Sec. IV, we
discuss the Hodge-de Rham decomposition theo-
rem for differential geometry. The geometrical as-
pects of conserved charges of NC theories are de-
scribed in Sec. V. The last section is reserved for
concluding remarks.
II. NONCOMMUTATIVE 1-FORM GAUGE
THEORY
A. BRST and anti-BRST symmetries
We start with the BRST invariant action for n
dimensional 1-form gauge theory (in manifestly co-
variant gauge) in NC spacetime as
SB =
∫
dnx LB , (1)
with Lagrangian density
LB = Tr
[
−
1
4
Fµν ∗ F
µν +B ∗ ∂ · A+
1
2
B ∗B
− i∂µc¯ ∗D
µc] , (2)
where B, c, and c¯ are the Nakanishi-Lautrup aux-
iliary field, ghost field and anti-ghost field respec-
tively and ∗ is the Moyal star product. Here the
trace is taken over the N × N matrices. The
field strength tensor (Fµν) and covariant deriva-
tive (Dµ) of c are defined as
Fµν = ∂µAν − ∂νAµ − [Aµ, Aν ]∗,
Dµc = ∂µ + gAµ ∗ c, (3)
with the definition of star commutator
[A(x), B(x)]∗ = A(x) ∗B(x) −B(x) ∗A(x). (4)
The connection Aµ takes the values in the algebra
of U(N), with generators T a satisfying following
commutation and anticommutation relations
[T a, T b] = ifabcT c,
{T a, T b} = dabcT c, (5)
where fabc and dabc are totally antisymmetric
and symmetric in nature respectively. The gauge
field (Aµ), ghost field (c), anti-ghost field (c¯) and
Nakanishi-Lautrup field (B) are described in the
forms of components fields as
Aµ(x) = A
a
µ(x)T
a,
c(x) = ca(x)T a,
c¯(x) = c¯a(x)T a,
B(x) = Ba(x)T a, (6)
where group index a has following values, a ≡
0, 1, ..., N2 − 1. The Lagrangian density LB re-
mains invariant under following off-shell nilpotent
BRST transformation (sb):
sbAµ = Dµc, sbc = −
1
2
g(c ∗ c), sbc¯ = iB,
sbB = 0. (7)
The conserved current jµ in NC field theory is cal-
culated by considering the divergence of the cur-
rent is equal to the Moyal product of the certain
functions as [24]
∂µjµ = [f(x), g(x)]∗, (8)
where the functions f(x) and g(x) are, specific to
the symmetry and the star commutator, defined as
[f(x), g(x)]∗ =
(
e
i
2
θµν∂1µ∂
2
ν − e−
i
2
θµν∂1µ∂
2
ν
)
×
f(x1)g(x2)|x1=x2=x. (9)
The nilpotent conserved charge for the above
BRST transformation in NC spacetime is calcu-
lated as
Qb =
∫
dn−1x j0 =
∫
dn−1x [B ∗D0c
− B˙ ∗ c+
1
2
ig ˙¯c ∗ c ∗ c
]
. (10)
Here we note that the BRST transformation leads
to a conserved charge only for the spacelike non-
commutativity i.e. θ0i = 0 and our whole analysis
is therefore restricted to this case.
To calculate the absolutely anticommuting
BRST and anti-BRST transformation, one needs
3to introduce another Nakanishi-Lautrup type aux-
iliary field (B¯) in the Lagrangian density given in
Eq. (2) as
LB¯ = Tr
[
−
1
4
Fµν ∗ F
µν +B ∗ ∂ ·A+
1
2
(B ∗B
+ B¯ ∗ B¯)− i∂µc¯ ∗D
µc
]
, (11)
= Tr
[
−
1
4
Fµν ∗ F
µν + B¯ ∗ ∂ ·A+
1
2
(B ∗B
+ B¯ ∗ B¯)− i∂µc¯ ∗D
µc
]
. (12)
The BRST and anti-BRST (sab) symmetry trans-
formations under which above Lagrangian density
remains invariant are
sbAµ = Dµc, sbc = −
1
2
gc ∗ c, sbc¯ = iB,
sbB = 0, sbB¯ = gB¯ ∗ c,
sabAµ = Dµc¯, sabc¯ = −
1
2
gc¯ ∗ c¯, sabB¯ = 0,
sabc = iB¯, sabB = gB ∗ c¯. (13)
where the auxiliary fields B and B¯ are restricted to
satisfy the following Curci-Ferrari (CF) type con-
dition [25, 26]
B + B¯ = ig(c ∗ c¯). (14)
The nilpotent charge corresponding to the anti-
BRST transformation (sab), using Noether’s theo-
rem, is calculated as
Qab =
∫
dn−1x
[
˙¯B ∗ c¯− B¯ ∗D0c¯−
1
2
igc˙ ∗ c¯ ∗ c¯
]
.(15)
B. Dual-BRST and anti-dual-BRST
symmetries
In this subsection we develop two more nilpotent
symmetry transformations known as dual-BRST
and anti-dual-BRST transformations which leave
the gauge-fixing part of the 2D Lagrangian den-
sity in Eq. (2) invariant separately. We linearize
the kinetic part of the Lagrangian density by intro-
ducing an extra auxiliary field B. The linearized
Lagrangian density can then be written as
LB = Tr
[
B ∗ E −
1
2
B ∗ B +B ∗ ∂ ·A+
1
2
B ∗B
− i∂µc¯ ∗D
µc] , (16)
where E is the electric field.
The off-shell nilpotent dual-BRST transforma-
tion for above Lagrangian density is given by
sdAµ = −ǫµν∂
ν c¯, sdc = −iB, sdc¯ = 0,
sdB = 0, sdB = 0, (17)
where ǫµν is a Levi-Civita tensor of rank-2. The
conserved charge for above dual-BRST is then cal-
culated using Noether’s theorem, as
Qd =
∫
dx [B ∗ ˙¯c−D0B ∗ c¯− igc¯ ∗ ∂1c¯ ∗ c] . (18)
Here we note that the sapcelike noncommutativ-
ity in the present 2D reflects the Moyal star prod-
ucts in the ordinary product and therefore theory
turnout to be in commutative world.
To write the absolutely anticommuting dual and
anti-dual-BRST transformation we introduce one
more auxiliary field B¯. Then the Lagrangian den-
sity given in Eq. (12) is written as
LB¯ = Tr
[
B ∗ E −
1
2
B ∗ B − B¯ ∗ ∂ ·A
+
1
2
(B ∗B + B¯ ∗ B¯)− iDµc¯ ∗ ∂
µc
]
.(19)
The off-shell nilpotent anti-dual-BRST transfor-
mation (sad), under which the Lagrangian density
LB¯ remains invariant, is given by
sadAµ = −ǫµν∂
νc, sadc = 0, sadc¯ = iB,
sadB = 0, sadB¯ = 0, sadB¯ = 0. (20)
Using Noether’s theorem, the nilpotent and con-
served charge for anti-dual-BRST transformation
is calculated as
Qad =
∫
dx [B ∗ ˙¯c−D0B ∗ c¯− igc¯ ∗ ∂1c¯ ∗ c] .
(21)
In the above expression of charge the Moyal prod-
uct behaves as a ordinary product.
C. Bosonic symmetry transformation
We construct the bosonic symmetry transforma-
tions (sω and sω¯) for the noncommutative 1-form
gauge theory. The BRST (sb), anti-BRST (sab),
dual-BRST (sd) and anti-dual-BRST (sad) sym-
metry operators which are constructed in the pre-
vious subsections satisfy the following algebra
{sd, sad} = 0, {sb, sab} = 0,
{sb, sad} = 0, {sd, sab} = 0,
{sb, sd} ≡ sω, {sab, sad} ≡ sω¯. (22)
4The last two anticommutators define the bosonic
symmetry of the system. Under this bosonic sym-
metry transformation sw the field variables trans-
form as
sω c¯ = 0, sωc = 0, sωB = 0, sωB = 0,
sωAµ = −i[DµB + ǫµν∂
νB
− igǫµν∂
ν c¯ ∗ c]. (23)
The conserved charge for the above bosonic sym-
metry transformation is calculated as
Qω =
∫
dx
[
B ∗ B˙ −B ∗D0B − ig(B ∗ ˙¯c
− ∂1c¯ ∗B) ∗ c] . (24)
On the other hand the bosonic symmetry transfor-
mation sw¯ for the field variables is given by
sω¯ c¯ = 0, sω¯c = 0, sω¯B = 0, sω¯B = 0,
sω¯Aµ = −i[−DµB + ǫµν∂
νB¯
− igǫµν∂
νc ∗ c¯] (25)
Using the Noether’s theorem we calculate the gen-
erator of this symmetry transformation sω¯ as
Qω¯ =
∫
dx
[
B ∗ ˙¯B − B¯ ∗D0B + ig(B ∗ c˙
− B¯ ∗ ∂1c) ∗ c¯
]
. (26)
Here we note that both bosonic transformations
(sω¯ and sω ) are not independent as their conserved
charges are equivalent on the CF type restricted
surface (14).
D. Ghost symmetry
The Lagrangian density has yet another sym-
metry namely ghost scaling symmetry. The La-
grangian density as well as the ghost part of it
remain invariant under the following scale trans-
formation for the ghost fields
c −→ e−τc, c¯ −→ eτ c¯, (27)
where τ is a real scale parameter. The ghost num-
ber of the ghost field (c) and anti-ghost field (c¯)
are 1 and -1 respectively. Rest of the fields in the
action, whose ghost number is zero, do not change,
Aµ −→ Aµ, B −→ B, B¯ −→ B¯. (28)
The above scale transformation leads to the follow-
ing conserved ghost charge
Qg = −i
∫
dx
[
˙¯B ∗ c¯− B¯ ∗D0C¯ −
1
2
igc˙ ∗ c¯ ∗ c¯
]
.(29)
All these charges constructed in this section will
be shown to satisfy the algebra satisfied by the de
Rham cohomological operators in section IV.
III. NONCOMMUTATIVE FREE 4D
ABELIAN 2-FORM GAUGE THEORY
The purpose of this section is to extend the
results of the previous section in the case of 2-
form gauge theory. In this section, we discuss the
absolutely anticommuting BRST and anti-BRST
transformations of Abelian 2-form gauge in non-
commutative plane. Dual BRST, anti-dual BRST,
bosonic and ghost symmetry transformations for
such theory are also constructed.
A. BRST and anti-BRST symmetry
transformations
The coupled Lagrangian densities for 2-form
gauge theory in 4D [27], which remains unchanged
under nilpotent and absolutely anticommuting
BRST and anti-BRST symmetry transformations,
in noncommutative plane are given by
L(β,B) = Tr
[
1
2
∂µϕ2 ∗ ∂
µϕ2 −
1
2
Bµ ∗ εµνηκ∂
νBηκ
−
1
2
(Bµ ∗ B
µ + B¯µ ∗ B¯
µ)− βµ ∗ ∂νBνµ
+
1
2
(βµ ∗ β
µ + β¯µ ∗ β¯
µ)−
1
2
∂µϕ1 ∗ ∂
µϕ1
+ ∂µσ¯ ∗ ∂
µσ + (∂µρ¯ν − ∂ν ρ¯µ) ∗ ∂
µρν
+ (∂µρ
µ − χ) ∗ χ¯+ (∂µρ¯
µ + χ¯) ∗ χ
+ Lµ ∗ (βµ − β¯µ − ∂µϕ1)
+ Mµ ∗ (Bµ − B¯µ − ∂µϕ2)
]
, (30)
L(β¯,B¯) = Tr
[
1
2
∂µϕ2 ∗ ∂
µϕ2 −
1
2
B¯µ ∗ εµνηκ∂
νBηκ
−
1
2
(Bµ ∗ B
µ + B¯µ ∗ B¯
µ)− β¯µ ∗ ∂νBνµ
+
1
2
(βµ ∗ β
µ + β¯µ ∗ β¯
µ)−
1
2
∂µϕ1 ∗ ∂
µϕ1
+ ∂µσ¯ ∗ ∂
µσ + (∂µρ¯ν − ∂ν ρ¯µ) ∗ ∂
µρν
+ (∂µρ
µ − χ) ∗ χ¯+ (∂µρ¯
µ + χ¯) ∗ χ
+ Lµ ∗ (βµ − β¯µ − ∂µϕ1)
+ Mµ ∗ (Bµ − B¯µ − ∂µϕ2)
]
, (31)
where the Lorentz vectors Lµ and Mµ are the
Lagrange multiplier fields and Bµ, B¯µ, βµ, β¯µ are
5the Nakanishi-Lautrup type auxiliary vector fields.
The fields ρµ and ρ¯µ are anticommuting vector
fields, fields χ and χ¯ are anticommuting scalar
fields and fields σ, ϕ1, and σ˜ are commuting scalar
fields. These fields are described in the component
form as
Bµν(x) = B
a
µν(x)T
a, ρµ(x) = ρ
a
µ(x)T
a,
ρ¯µ(x) = ρ¯µ(x)
a(x)T a, σ(x) = σa(x)T a,
σ¯(x) = σ¯a(x)T a, χ(x) = χa(x)T a,
χ¯(x) = χ¯a(x)T a, βµ(x) = β
a
µ(x)T
a,
β¯µ(x) = β¯
a
µ(x)T
a, Bµ(x) = B
a
µ(x)T
a,
B¯µ(x) = B¯
a
µ(x)T
a, ϕ1(x) = ϕ
a
1(x)T
a,
ϕ2(x) = ϕ
a
2(x)T
a, Lµ(x) = L
a
µ(x)T
a,
Mµ(x) = M
a
µ(x)T
a. (32)
The above two coupled Lagrangian densities in
Eqs. (30) and (31) are equivalent on the follow-
ing CF type restricted surface
Bµ − B¯µ − ∂µϕ2 = 0, βµ − β¯µ − ∂µϕ1. (33)
The above Lagrangian densities for 2-form gauge
theory are invariant under the following off- shell
nilpotent and absolutely anticommuting BRST
and anti-BRST transformations as
sbBµν = −(∂µρν − ∂νρµ), sbρµ = −∂µσ,
sbρ¯µ = −βµ, sbσ¯ = −χ¯, sbβ¯µ = −∂µχ,
sbϕ1 = χ, sbLµ = −∂µχ, sbα = 0,
(α ≡ χ¯, χ, σ, ϕ2, βµ,Bµ, B¯µ,Mµ), (34)
sabBµν = −(∂µρ¯ν − ∂ν ρ¯µ), sabρ¯µ = −∂µσ¯,
sabρµ = β¯µ, sabσ = −χ, sabβµ = ∂µχ¯,
sabϕ1 = χ¯, sabLµ = −∂µχ¯, sabγ = 0,
(γ ≡ χ¯, χ, σ¯, ϕ2,Bµ, B¯µ, β¯µ,Mµ), (35)
The Noether’s charges for above BRST and anti-
BRST symmetries are calculated as
Qb =
∫
d3x [(∂0ρ¯ν − ∂ν ρ¯0) ∗ ∂
νσ
− ǫ0νηκ(∂νρη) ∗ Bκ − χ¯ ∗ ∂0σ
− (∂0ρν − ∂νρ0) ∗ β
ν − χ ∗ ∂0ϕ1
− χ ∗ L0] , (36)
Qab =
∫
d3x [−(∂0ρν − ∂νρ0) ∗ ∂
ν σ¯
− ǫ0νηκ(∂ν ρ¯η) ∗ B¯κ − χ ∗ ∂0σ¯
− (∂0ρ¯ν − ∂ν ρ¯0) ∗ β¯
ν − χ¯ ∗ ∂0ϕ1
− χ¯ ∗ L0] . (37)
These charges will be used in section IV.
B. Dual and anti-dual-BRST symmetries
The dual and anti-dual-BRST transformations
are also the symmetries of the effective action for
2-form gauge theory. Further these transforma-
tions leave the gauge fixing term invariant inde-
pendently. The nilpotent and absolutely anticom-
muting dual-BRST and anti-dual-BRST transfor-
mations, which leave this noncommutative 2-form
Lagrangian density invariant, are calculated as fol-
lows,
sdBµν = −ǫµνηκ∂
η ρ¯κ, sdρ¯µ = −∂µσ¯,
sdρµ = −Bµ, sdϕ2 = −χ¯, sdσ = −χ,
sdB¯µ = ∂µχ¯, sdMµ = −∂µχ¯, sd̺ = 0,
(̺ ≡ χ¯, χ, σ¯, ϕ1,Bµ, βµ, β¯µ, Lµ), (38)
sad = −ǫµνηκ∂
ηρκ, sadρµ = ∂µσ,
sadρ¯µ = B¯µ, sadϕ2 = −χ, sadσ = χ¯,
sadBµ = −∂µλ, sadMµ = −∂µχ, sadϕ = 0,
(ϕ ≡ χ¯, χ, σ, ϕ1, B¯µ, βµ, β¯µ, Lµ). (39)
The Noether’s charges for above dual BRST and
anti-dual-BRST symmetries are calculated as
Qd =
∫
d3x [(∂0ρ¯ν − ∂ν ρ¯0) ∗ B
ν
− ǫ0νηκβν ∗ (∂η ρ¯κ)− χ¯ ∗ ∂0ϕ2
− (∂0ρν − ∂νρ0) ∗ ∂
ν σ¯
− χ ∗ ∂0σ¯ + χ¯ ∗M0] , (40)
Qad =
∫
d3x
[
(∂0ρν − ∂νρ0) ∗ B¯
ν
− ǫ0νηκβ¯ν ∗ (∂ηρκ)− χ ∗ ∂0ϕ2
− (∂0ρ¯ν − ∂ν ρ¯0) ∗ ∂
νσ
+ χ¯ ∗ ∂0σ + χ ∗M0] . (41)
C. Bososnic symmetry transformation
Now we construct the bosonic symmetry trans-
formations out of these nilpotent BRST symme-
tries for this theory. The BRST (sb), anti-BRST
( sab), dual-BRST (sd) and anti-dual-BRST (sad)
symmetry operators satisfy the following algebra
{sb, sab} = 0, {sb, sad} = 0,
{sd, sab} = 0, {sd, sad} = 0,
{sb, sd} = sω, {sab, sad} = sω¯. (42)
6The last two anticommutators define the bosonic
transformations under which the fields transform
as
sωBµν = ∂µBν − ∂νBµ + εµνηκ∂
ηβκ,
sωρµ = ∂µχ, sωρ¯µ = ∂µχ¯, sως = 0,
(ς ≡ χ¯, χ, ϕ1, ϕ2, σ, σ¯, βµ, β¯µ,Bµ, B¯µ,
Lµ,Mµ). (43)
sω¯Bµν = −(∂µB¯ν − ∂ν B¯µ + εµνηκ∂
ηβ¯κ),
sω¯ρµ = −∂µχ, sω¯ρ¯µ = −∂µχ¯, sω¯̟ = 0,
(̟ ≡ χ¯, χ, ϕ1, ϕ2, σ, σ¯, βµ, β¯µ,Bµ, B¯µ,
Lµ,Mµ). (44)
The nilpotent and conserved charge for sω, using
Noether’s theorem, is calculated as
Qω =
∫
d3x [ε0νηκ{(∂
νBη) ∗ Bκ + (∂νβη) ∗ βκ}
+ ∂ν(β
0 ∗ Bν − βν ∗ B0)
+ (∂0ρ¯ν − ∂ν ρ¯0) ∗ ∂
νχ
− (∂0ρν − ∂νρ0) ∗ ∂
νχ¯] . (45)
D. Ghost and discrete symmetry
Now, we would like to mention yet another sym-
metry of this system, namely, the ghost symmetry.
We introduce a scale transformation of the ghost
field, under which the effective action for NC 2-
form gauge theory is invariant, as
sgσ = 2τσ, sgσ¯ = −2τσ¯, sgcµ = τρµ,
sg ρ¯µ = −τ ρ¯µ, sgχ¯ = τχ¯, sgχ = τχ, sgε = 0,
ε ≡ {Bµν , ϕ1, ϕ2, βµ, β¯µ,Bµ, B¯µ, Lµ,Mµ}, (46)
where τ is an arbitrary scale parameter.
The conserved charge for the above symmetry
transformations is
Qg =
∫
d3x
[
2σ ∗ ∂0σ¯ − 2σ¯ ∗ ∂0σ
+ (∂0ρν − ∂νρ0) ∗ ρ¯ν + (∂
0ρ¯ν − ∂ν ρ¯0) ∗ ρν
+ ρ0 ∗ χ¯− ρ¯0 ∗ χ
]
. (47)
Further, the Lagrangian densities given in Eqs (30)
and (31) remain invariant under following discrete
symmetry transformations
Bµν −→ ∓
i
2
εµνηκB
ηκ, ρµ −→ ±iρ¯µ,
ρ¯µ −→ ±iρµ, σ −→ ±iσ¯, σ¯ −→ ∓iσ,
ϕ1 −→ ±iϕ2, ϕ2 −→ ∓iϕ1, χ¯ −→ ∓iχ,
χ −→ ∓iχ¯, Lµ −→ ∓iMµ, Mµ −→ ±iLµ,
βµ −→ ±iBµ, Bµ −→ ∓iβµ, β¯µ −→ ±iβ¯µ,
B¯µ −→ ∓iB¯µ. (48)
The above symmetry transformations play very
important role in establishing a connection be-
tween the symmetries on the one hand and some
key concepts of the differential geometry on the
other. For instance, these discrete symmetry
transformations are the analogue of the Hodge du-
ality operator (⋆)[30] of differential geometry. It
is interesting to point out the following relations
under the two successive ⋆ operations on the fields
⋆ (⋆B) = B, B ≡ {Bµν , βµ, β¯µ,Bµ, B¯µ,
ϕ1, ϕ2, Lµ,Mµ, σ, σ¯},
⋆(⋆F ) = −F, F ≡ {ρµ, ρ¯µ, χ¯, χ}, (49)
where ⋆ corresponds to the discrete symmetry
transformations given in Eq. (48).
Thus, we note that the fermionic and bosonic
fields of the theory transform in a different man-
ner under the successive operations of the discrete
transformations. This important observation leads
to the following operator relationships:
sd = ± ⋆ sb⋆, sad = ± ⋆ sab ⋆ . (50)
here we note that the above relationship is the ana-
logue of the relationship between the cohomologi-
cal operators δ and d, i.e. δ = ± ⋆ d⋆.
IV. HODGE-DE RHAM
DECOMPOSITION THEOREM AND
DIFFERENTIAL OPERATORS
The de Rham cohomological operators (exterior
derivative d, co-exterior derivative δ and Laplace-
Beltrami operator ∆) of differential geometry obey
the following algebra
d2 = δ2 = 0, ∆ = (d+ δ)2 = dδ + δd ≡ {d, δ}
[∆, δ] = 0, [∆, d] = 0, (51)
The operators d and δ are adjoints or duals of each
other and ∆ is self-adjoint operator. It is well-
known that the exterior derivative raises the de-
gree of a form by one when it operates on it (i.e.
dfn ∼ fn+1). On the other hand, the dual-exterior
derivative lowers the degree of a form by one when
it operates on forms (i.e. δfn ∼ fn−1).
7Let M be a compact, orientable Riemannian
manifold, then an inner product on the vector
space En(M) of n-forms on M can be defined as
(α, β) =
∫
M
α ∧ ⋆β, (52)
for α, β ∈ En(M) and ⋆ is the Hodge duality oper-
ator [28]. Suppose that α and β are forms of degree
n and n + 1 respectively. Then following relation
for inner product will be satisfied
(dα, β) = (α, δβ). (53)
Similarly, if β is form of degree n−1, then we have
the relation (α, dβ) = (δα, β). Thus the necessary
and sufficient condition for α to be closed is that
it should be orthogonal to all co-exact forms of
degree n. The form ω ∈ En(M) is called harmonic
if ∆ω = 0. Now let β be a n-form on M and if
there exists another n-form α such that ∆α = β,
then for a harmonic form γ ∈ Hn,
(β, γ) = (∆α, γ) = (α,∆γ) = 0, (54)
where Hn(M) denote the subspace of En(M) of
harmonic forms on M . Therefore, if a form α ex-
ist with the property that ∆α = β, then Eq. (54)
is necessary and sufficient condition for β to be
orthogonal to the subspace Hn. This reasoning
lead to the idea that En(M) can be partitioned in
to three distinct subspaces Λnd , Λ
n
δ and H
n which
are consistent with exact, co-exact and harmonic
forms respectively. The Hodge-de Rham decompo-
sition theorem can be stated as [29]:
A regular differential form of degree n may be
uniquely decomposed into a sum of the form
α = αH + αδ + αd, (55)
where αH ∈ H
n, αδ ∈ Λ
n
δ and αd ∈ Λ
n
d .
A. Hodge-de Rham decomposition theorem
and conserved charges
In this subsection we study the analogy between
the de Rham cohomological operators and the con-
served charges for symmetry transformations for
noncommutative gauge theories. In particular we
draw the similarity between the algebras obeyed
by de Rham cohomological operators and the con-
served charges.
The constructed nilpotent symmetry transfor-
mations (in earlier sections) for NC 2-form theory
pursue the following algebra
s2b = 0, s
2
ab = 0, {sb, sad} = 0 = {sd, sad},
sω = {sb, sd} ≡ −{sad, sad}, [sω, sr] = 0,
[sg, sb] = sb, [sg, sd] = −sd, [sg, sad] = sad,
[sg, sab] = −sab, sr ≡ sb, sab, sd, sad, sg. (56)
With the Eqs. (51) and (56), we draw the following
two to one mappings
(sb, sad) −→ d, (sd, sad) −→ δ,
{sb, sd} = −{sab, sad} −→ ∆. (57)
The conserved charges of all the symmetry trans-
formations are shown to satisfy the following alge-
bra
Q2b = 0, Q
2
ab = 0, Q
2
d = 0, Q
2
ad = 0,
{Qb, Qab} = 0, {Qd, Qad} = 0, {Qb, Qad} = 0,
{Qd, Qab} = 0, i[Qg, Qb] = Qb,
i[Qg, Qad] = Qad, i[Qg, Qd] = −Qd,
i[Qg, Qab] = −Qab, i[Qω, Qr] = 0,
Qr ≡ Qb, Qab, Qd, Qad, Qg. (58)
This algebra is reminiscent of the algebra satisfied
by the de Rham cohomological operators of differ-
ential geometry given in Eq. (51). Comparing (51)
and (58) we obtain following mappings
(Qb, Qad)→ d, (Qd, Qab)→ δ, Qω → ∆. (59)
Let n be the ghost number associated with a
particular state |ψ〉n defined in the total Hilbert
space of states, i.e.,
Qg |ψ〉n = n |ψ〉n (60)
Then it is easy to verify the following relations
iQgQb |ψ〉n = (n+ 1)Qb |ψ〉n ,
iQgQad |ψ〉n = (n+ 1)Qad |ψ〉n ,
iQgQd |ψ〉n = (n− 1)Qd |ψ〉n ,
iQgQab |ψ〉n = (n− 1)Qab |ψ〉n ,
iQgQω |ψ〉n = nQω |ψ〉n , (61)
which imply that the ghost numbers of the states
Qb |ψ〉n, Qd |ψ〉n and Qω |ψ〉n are (n + 1), (n −
1) and n respectively. The states Qab |ψ〉n and
Qad |ψ〉n have ghost numbers (n−1) and (n+1) re-
spectively. The properties of d and δ are mimicked
by sets (Qb, Qad) and (Qd, Qab), respectively. It is
evident from Eq. (61) that the set (Qb, Qad) raises
the ghost number of a state by one and on the other
8hand the set (Qd, Qab) lowers the ghost number of
the same state by one. These observations, keeping
the analogy with the Hodge-de Rham decomposi-
tion theorem, enable us to express any arbitrary
state |ψ〉n in terms of the sets (Qb, Qd, Qω) and
(Qad, Qab, Qω) as
|ψ〉n = |ω〉n +Qb |χ〉n−1 +Qd |φ〉n+1 , (62)
|ψ〉n = |ω〉n +Qad |χ〉n−1 +Qab |φ〉n+1 , (63)
where the most symmetric state is the harmonic
state |w〉n which satisfies the following relations,
Qω |ω〉n = 0, Q(a)b |ω〉n = 0, Q(a)d |ω〉n = 0,
(64)
analogous to the Eq. (54).
V. CONCLUSION
We have considered the NC U(N) 1-form as well
as U(N) 2-form gauge theories on Moyal plane
which satisfies a no-go theorem by restricting the
gauge fields to have N ×N matrix representation.
We have studied the BRST symmetry transforma-
tion for these theories on Moyal plane. Further,
we have shown that the dual of BRST transfor-
mation, which is the symmetry of the effective La-
grangian density and leaves the gauge-fixing part
invariant separately, also exists for such theories.
Interchanging the role of ghost and antighost field
with some coefficients anti-BRST and anti-dual-
BRST symmetry transformations have also been
constructed. We have noted that all the conserved
charges for such symmetry transformations exist
only in the case of spacelike noncommutativity
(θ0i = 0). However, we have observed that the
Moyal star product in the expressions of the con-
served charges, in the case of 2-dimensional NC 1-
form gauge theory, behaves like an ordinary prod-
uct. The nilpotent BRST symmetry transforma-
tion is turned out to be the analogue of the exterior
derivative as the kinetic term remains invariant un-
der this. In the similar fashion we have shown that
the dual-BRST symmetry transformation is also
linked with the co-exterior derivative. The anti-
commutator of either BRST and the dual-BRST
symmetry generators or anti-BRST and anti-dual-
BRST symmetry generators leads to a bosonic
symmetry in the theory which turns out to be the
analogue of the Laplacian operator. Further, the
effective theory has a non-nilpotent ghost symme-
try transformation which is also the symmetry of
the ghost terms of the effective action. We have
shown that the algebra satisfied by the nilpotent
charges is exactly same as the de Rham cohomo-
logical operator. These results are shown for for
both NC 1-form and 2-form gauge theories. Thus,
the NC 1-form as well as 2-form gauge theories
have been realized as the field theoretic models
for Hodge theory. It will be interesting to see
that whether no-go theorem on NC spacetime puts
more restrictions on the matter sector of the NC
gauge theories in the context of Hodge theorem.
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